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Quantum algorithms are known for presenting more efficient solutions to certain computational
tasks than any corresponding classical algorithm. It has been thought that the origin of the power
of quantum computation has its roots in non-classical correlations such as entanglement or quantum
discord. However, it has been recently shown that even a single pure qudit is sufficient to design an
oracle-based algorithm which solves a black-box problem faster than any classical approach to the
same problem. In particular, the algorithm that we consider determines whether eight permutation
functions defined on a set of four elements is positive or negative cyclic. While any classical solution
to this problem requires two evaluations of the function, quantum mechanics allows us to perform
the same task with only a single evaluation. Here, we present the first experimental demonstration
of the considered quantum algorithm with a quadrupolar nuclear magnetic resonance setup using a
single four-level quantum system, i.e., a ququart.
PACS numbers: 03.67.Mn, 03.65.Ta, 03.65.Ud, 03.65.Wj
Introduction.– During the last decades there has been
an ever increasing interest in the development novel
quantum algorithms to provide a speed-up for the so-
lution of computational tasks over classical algorithms
[1, 2]. Study of quantum algorithms has not only served
the purpose of solving certain problems faster than any
corresponding classical algorithm but has also opened up
the discussion of what actually is the resource of quan-
tum computation. Advances in this research line has
not been limited to purely theoretical proposals, as many
such quantum algorithms have been demonstrated with
several different experimental systems [1, 3, 4].
At the heart of quantum information science lies the
concept of quantum entanglement, which has been re-
garded as the defining property of the quantum infor-
mation theory for many years [5]. In the words of
Schro¨dinger himself, “entanglement is not one but rather
the characteristic trait of quantum mechanics”. Indeed,
this peculiar property has been demonstrated to pro-
vide the magic for many quantum protocols such as the
Deutsch algorithm [6, 7], which distinguishes constant
functions from balanced ones, and the Shor algorithm [8]
which finds the prime factors of a given integer.
However, the idea that the entanglement is the one and
only fundamental resource of quantum computation has
started to change in the last decade. Despite the unde-
niable importance of entanglement to quantum informa-
tion theory, novel ways of understanding quantum corre-
lations from different perspectives have emerged. It has
been shown that the existence of more general quantum
correlations quantified by discord-like measures, even in
the absence of any entanglement, might be responsible
for the improved performance of some quantum protocols
[9]. Another recent candidate for such improvements is
the contextual nature of quantum mechanics [10]. All in
all, the origin of the power of quantum algorithms is still
not completely clear yet [11–13].
In this work, we consider a novel oracle-based quan-
tum algorithm which, based on a surprisingly simple
idea, solves a black-box problem using only a single qu-
dit without any correlation of quantum or classical nature
[14]. The algorithm deals with the problem of deciding
whether chosen 2d permutation functions of d objects
is positive or negative cyclic with a single query to the
black-box rather than two queries required by any corre-
sponding classical algorithm for the solution of the same
problem. Here, we present the first experimental demon-
stration of this algorithm using a room temperature nu-
clear magnetic resonance (NMR) quadrupolar system.
Computational task.– The considered quantum algo-
rithm provides a solution to a black-box problem making
use of a single four level quantum system, i.e., a sin-
gle ququart. The black-box maps four possible inputs
to four possible outputs after a permutation, where the
eight chosen permutation functions of four objects are
grouped in two ways depending on whether the permu-
tation is positive cyclic or negative cyclic. Whereas any
classical algorithm requires at least two queries to the
black-box to determine the parity of the permutation,
the algorithm that we experimentally realize here per-
forms the same task with only one query, and thus pro-
vides a two to one speed-up over any classical algorithm
performing the same task [14].
We consider the eight chosen permutations of the set
{1, 2, 3, 4}, where (1, 2, 3, 4), (2, 3, 4, 1), (3, 4, 1, 2) and
(4, 1, 2, 3) are positive cyclic permutations and the re-
maining four, namely (4, 3, 2, 1), (3, 2, 1, 4), (2, 1, 4, 3) and
(1, 4, 3, 2), are negative cyclic permutations. The compu-
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FIG. 1: Pictorical view of the experimental implementation: the first boxes represent the level populations of the initial
states, the consecutive three boxes represent the optimized rf pulse sequence that implement the quantum gates, and the last
boxes represent level populations of the final state. In both cases, the initial state is |2〉 and, depending on the applied unitary
transformation Ui (i = 2, 6), the final state can be either |2〉 or |4〉. The illustrated rf pulse sequences that implement each
operation were optimized using a home-built program based on the strong modulating pulses procedure [20].
tational task is to determine the parity (evenness or odd-
ness) of the permutation. Provided we treat the permuta-
tion as a function f(x) defined on the set x ∈ {1, 2, 3, 4},
it is required to evaluate f(x) at least twice to determine
the parity of the permutation classically.
Considering a quantum solution to the same task,
let us define the basis vectors of the ququart as |1〉 =
(1, 0, 0, 0)T , |2〉 = (0, 1, 0, 0)T , |3〉 = (0, 0, 1, 0)T , and
|4〉 = (0, 0, 0, 1)T . We first create a ququart state consist-
ing of a superposition of all four basis vectors. In order
to do this, we apply the Fourier transformation
UFT =
1
2

1 1 1 1
1 i −1 −i
1 −1 1 −1
1 −i −1 i
 , (1)
to the state |2〉 and obtain
|ψ2〉 = (|1〉+ i|2〉 − |3〉 − i|4〉)/2. (2)
Starting from (1, 2, 3, 4), the unitary matrices that cor-
respond to the positive cyclic permutations (1, 2, 3, 4),
(2, 3, 4, 1), (3, 4, 1, 2), and (4, 1, 2, 3) are given as
U1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 , U2 =

0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0
 , (3)
U3 =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 , U4 =

0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
 ,
respectively, and they map |ψ2〉 to |ψ2〉, −i|ψ2〉, −|ψ2〉,
and i|ψ2〉. On the other hand, the unitary matrices
that perform the negative cyclic permutations (4, 3, 2, 1),
(3, 2, 1, 4), (2, 1, 4, 3) and (1, 4, 3, 2) are given as
U5 =

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
 , U6 =

0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1
 , (4)
U7 =

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0
 , U8 =

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0
 .
respectively, and they map |ψ2〉 to −i|ψ4〉, −|ψ4〉, i|ψ4〉,
and |ψ4〉, where |ψ4〉 = UFT |4〉 . After each one of these
unitary transformations, the algorithm is concluded with
the application of the inverse Fourier transform, U†FT to
obtain |2〉 for positive and |4〉 for negative cyclic permu-
tations. Thus, the algorithm determines the parity of the
permutation with only a single evaluation.
Experimental results.– The density matrix of a room
temperature NMR system can be written as ρ = 14 I4 +
∆ρ, where  = ~ωL/4kBT ∼ 10−5 is the ratio between
the magnetic and thermal energies, ωL is the Larmor
frequency, kB is the Boltzmann constant and T the tem-
perature [3, 15]. Measurements and unitary transforma-
tions only affect the traceless deviation matrix ∆ρ, which
contains all the available information about the state of
the system. Unitary transformations over ∆ρ are im-
plemented by radio frequency pulses and/or evolutions
under spin interactions, with an excellent control of ro-
tation angle and direction. The full characterization of
∆ρ can be achieved using many available quantum state
tomography protocols [16–18]. Note that since in NMR
experiments only the deviation matrix is detected, den-
sity matrix elements are expressed in units of .
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FIG. 2: Experimental demonstration of each step of the implemented protocol. From top to bottom is shown a bar rep-
resentation of the density matrix for the experimentally created initial state |2〉 obtained by quantum state tomography; the
state obtained after the application of the Fourier transformation, UFT ; the results after applying the pulses that implement
U2 (right side) or U6 (left side); the two possible outcomes of the algorithm, namely, |2〉 for positive and |4〉 for negative cyclic
permutations.
The implementation of the algorithm using a ququart
is achieved using a spin– 32 NMR quadrupolar system. A
spin– 32 in the presence of an uniaxial electric field gra-
dient and a strong static magnetic field is a four level
system, corresponding to the four possible mz values of
the spin– 32 , with the Hamiltonian
H = −~ωLIz + ~ωQ
6
(3 I2z − I2), (5)
where ωL is the Larmor frequency, ωQ is the quadrupo-
lar frequency (|ωL|  |ωQ|), Iz is the z component of
the nuclear spin operator and I is the total nuclear spin
operator [15]. The eigenstates of the system are repre-
sented by |3/2〉, |1/2〉, |−1/2〉, and |−3/2〉, here indexed
as |1〉, |2〉, |3〉, |4〉. This is experimentally realized with
sodium nuclei, 23Na, in a lyotropic liquid crystal sample
at room temperature. The sample is prepared with 20.9
wt% of SDS (95% of purity), 3.7 wt% of decanol, and
75.4 wt% of deuterium oxide, by following the procedure
in Ref. [19]. The 23Na NMR experiments are performed
in a 9.4-T VARIAN INOVA spectrometer using a 5-mm
solid-state NMR probe head at T = 25
o
C. We obtain the
quadrupole frequency νQ = ωQ/2pi = 10 kHz.
The initial state is prepared from the thermal equilib-
rium state using a time averaging procedure based on nu-
merically optimized radio frequency (rf) pulses generally
dubbed as the strong modulating pulses (SMP) [18, 20].
The technique consists of using blocks of concatenated rf
pulses, with amplitudes, phases and durations optimized
to provide a state preparation such that density matrix
is given by ρ = (1−)4 I4 + ρ1 =
(1−)
4 I4 + |i〉〈i|, where
ρ1 is a trace one density matrix corresponding to the
state |i〉〈i| defined by the optimized SMP pulses [3]. The
quantum gates, which are part of the quantum protocol,
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FIG. 3: (Upper panel) Tomography results after the final step of the algorithm, together with the fidelities to the theoretical
prediction, for the implementation of the positive cyclic permutation operations: (a) U1, (b) U2, (c) U3, (d) U4. (Lower panel)
Tomography results after the final step of the algorithm, together with the fidelities, for the implementation of the negative
cyclic permutation operations: (a) U5, (b) U6, (c) U7, (d) U8.
are also realized using these SMP optimized pulses. Since
NMR measurements are not sensitive to the identity part
of the density matrix, the term |i〉〈i| is manipulated and
read-out selectively.
In Fig. 2, we show a bar representation of the density
matrices obtained by quantum state tomography after
the steps of the protocol. These steps are implemented
as follows: (i) we implement the SMP optimized gate
UFT to the initial state |2〉 to obtain |ψ2〉; (ii) we imple-
ment the SMP optimized gate UiUFT for i = 2, 6 to the
initial state again; (iii) finally, starting once more from
the initial state, we implement the SMP optimized gate
U†FTUiUFT for i = 2, 6 to obtain either |2〉 or |4〉 as an
outcome of the algorithm. The fidelities to the theoreti-
cal prediction is shown at each step of Fig. 2. Moreover,
Fig. 3 experimentally confirms that the algorithm works
as intended for all eight possible permutations.
Discussion.– In summary, using a quadrupolar NMR
setup, we have experimentally demonstrated that the
proposed algorithm works as claimed, that is, it deter-
ministically decides whether a given permutation, from a
set of eight possible functions, of four objects is positive
or negative cyclic with a single query to the black-box.
Noting that the same computational task requires at least
two queries for classical algorithms, it is clear that quan-
tum mechanics provides a two to one speed-up here [14].
It might be argued that the considered computational
task is not of great importance. However, it shows the
power of quantum computation in a strikingly simple
way. In fact, this is one of the simplest known quan-
tum algorithms. Despite its simplicity, the origin of the
speed-up remains yet unclear. It is evident that quantum
correlations do not play any role in the solution of the
computational task since a single quantum system is con-
sidered. Moreover, the quantum algorithm that we study
brings speed-up starting from a qutrit, and is trivial for
5a qubit. Considering the fact that an uncorrelated but
contextual system is exploited, it is possible that contex-
tuality might be playing a role here [10]. Regardless, the
true resource behind the power of this algorithm remains
as an open question.
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Note added.– After the completion of this work, we
became aware of a subsequent work [21], also performing
the implementation of the same quantum algorithm but
in a different NMR system.
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